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1. The Big Picture

@ Claim: Termination in CCS with recursion is undecidable.

@ Mechanism: Full CCS is Turing-complete. It can simulate a Minsky
Machine (Counter Machine).

o LTS Implications:

o Finite-state CCS results in a finite LTS (decidable).
o Recursive CCS can generate an infinite-state LTS, making state-space
exploration non-terminating.

Khushraj Undecidability in CCS with Recursion March 13, 2026



1: Components (The Hardware)

To build our 2-counter machine, we define a small, finite vocabulary:

o External Channels:
e inc;, dec;, zero;: Used by the program to talk to counter i € {1,2}.

o Internal Channel:
e down;: A private “tether” connecting a successor to the process below

It.

@ Processes:

e P,: Program instructions (the “CPU").

o Z;: The Zero state (Base of the stack).
o Q;: The Successor state (Stack elements).
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2: Process Definitions (Renaming Technique)

To avoid name-clashes, we use Relabeling [/ink /down] to shift
communication down the stack at each increment:

1. The Counters (i € {1,2})
o Z; % inci.(Q; | link;.Zi[link;/ zeroi]) \ {link;} + zero;.Z;

o Q; def inc;.(Q; | link;.Q;[link; /down;]) \ {link;} + dec;.down;.0

2. The Program (Control Logic)
def —
@ Pinc = inC;.Prext
def — ___
° Pdec/jump = dec;.Poi + zero;.Piymp

Mechanism: Each inc; wraps the existing counter in a renaming [link; / down;]
and a restriction \{/ink;}. This creates a chain of unique private links.
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Frame 3: Mechanics of Hiding (The Logic)

How the restriction operator \{down;} manages the stack:

e Selective Communication: The \ operator creates a private “skin”
around Q; and the process beneath it.

@ The Guard: Any process beneath the top S; is prefixed by down;. It
is “frozen” and invisible to the program.

o Judicious Decrement: When the program sends dec;, only the
outermost Q; can hear it.

@ Unwrapping: When S; dies, it sends down;. This signal hits only the
process directly below, “unfreezing” it to become the new top.
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Frame 4: Simulation example — 2 Increments on counter

1(Growth)

Starting state: (Po | Z1 | Z2)
Q Initial: Z; is exposed. Py sends incy.
@ Value of Counter 1 = 1: Z; evolves into a wrapped Successor.
o (P1](Qq | downy.Z{f)\ {down;} | Z5)
@ Value of Counter 1 = 2: Program sends inc;. Top Q; buds another

layer.
o (P2 | ((Q1 | downy.Qu|f[fldowns} | down;.Zi|f] {down;} | Z) 2

Note: Only the innermost Q1 is active; others are buried under down;
prefixes.
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Frame 5: 2 Decrements & Zero Test (Shrink)

Continuing from Value = 2:

@ Dec 1: P, sends dec;. Top Q; signals down; and dies. The @
below wakes up.

o (P3| (Q1 | down.Q:)\ {down:})
@ Dec 2: P; sends dec;. This @ dies and signals down;. Z; wakes up.

o (Ps| Z1)

[o[S] — . . . .
© Zero Test: P, = zeroy.Ppa:. Since counter is Zy, the action zerog is
available!

Reachability to L, is Undecidable!
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Forcing Synchronization with P\ L

In classical CCS, the restriction operator P\ L is the "glue" that ensures
our simulation doesn't fall apart.

e Syntax: P\ L where L = {inc;, dec;, zero;, down;}.
e Semantics: Only actions not in LU L can be performed externally.
Hence, all the actions are performed synchronously.

@ The Goal: To force the Controller and the Registers to synchronize
with each other via internal 7 actions.

Khushraj Undecidability in CCS with Recursion March 13, 2026



Pi Calculus

Khushraj

March 13, 2026

Khushraj Pi Calculus March 13, 2026



1. Syntax of the 7w-Calculus

The m-calculus extends CCS by allowing names to be passed as data over
channels.

P,Q:=0|n.P|P|IQ|(vx)P|'P

Where prefix m can be:

@ x(y): Input a name on channel x, bind it to y.
@ X(z): Output name z on channel x.

o 7: Silent internal action.
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2. Intuitive Semantics: Mobility

The core innovation is Link Mobility. Communication changes the
topology of the system.

The Interaction Rule

%(2).P | x(y)-Q = P| Q{z/y}

@ Scope Extrusion: If z was private to P, after communication, the
scope of z expands to include Q.

@ This allows processes to share " private phone numbers” and create
new connections dynamically.
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3.Replication: The Infinite Resource

The replication operator (!P) provides an infinite supply of the process P.

The Structural Rule

IP=PIP

Intuition:
@ Think of !P as a Server or Vending Machine.
@ It is NOT a "while” loop. It doesn't run sequentially.
@ It spawns a new instance of P to run in parallel whenever it is
activated.
Example: A persistent service !x(y).y(data)
@ Client sends a return channel on x.
@ Replication "spawns” a handler to send data back.

© The original !x(y)... remains ready for the next client.
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4. Structural Congruence (=)

Structural congruence simplifies semantics by treating syntactically
different but logically identical processes as equal.

Monoid: P|Q = Q|P and P|(Q|R) = (P|Q)IR
Replication: !|P = P |IP

Scope: (vx)(vy)P = (vy)(vx)P

Extrusion: P | (vx)Q = (vx)(P | Q) if x ¢ fn(P)
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5. LTS-based Semantics

Transitions are defined by labels («):

x(z

o In: x(y).P 2 piz/y0

e Out: X(z).P @, p

(2)

e Open (Extrusion): L;(Z)Z#X (The bound output)
(vz)P——P’

Note: Standard LTS for m-calculus is infinite-branching because an input
x(z) can occur for any name z in the infinite universe.
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6. Encoding Recursion via Replication

L . . def
In m-calculus, replication (1P) is as powerful as recursion (A< P).

To encode A(x) i p.

O Create a Trigger: !a(x).P’ where P’ is P with recursive calls replaced
by signals.
@ Replace recursive calls A(z) with a(z).

© The replication acts as a "server” that spawns a new instance of the
process logic whenever it receives a request on channel a.
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6. Undecidability Argument

Unlike CCS, where replication is weaker than recursion, in 7-calculus,
replication is enough for undecidability.

@ The Proof: Use the encoding from Slide 5 to transform a Minsky
Machine (from the CCS proof) into a m-calculus process using only
replication.

@ Why it works: Link mobility allows the replicated "server” to handle
private names for each counter, simulating the nested scoping
required for a Zero-Test.

@ Result: Determining if a m-calculus process terminates is
undecidable.
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